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Abstract. This paper is a dynamic analysis of one of the many variants of mechanical torque converter designed 
by the eminent romanian inventor George Constantinesco. The analyzed model is composed of nine-bar linkage 
that transmit motion from the primary motor to the output shaft through one-way clutches. In the first stage we 
are determined the equations of motion in matrix form and by their numerical solution we are indicate the main 
features of the torque converter. Analysis of dynamic stability of mechanical transmission is made through the 
linear analysis with Bode diagrams. Simulation of transmission operation is performed with AMESim. 
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INTRODUCTION 
 
The analyzed mechanism is a planar nine-bar linkage arranged in three closed loops, shown in 
Fig. 1. In Fig. 2, shows the simulation model of torque converter developed by AMESim 
program. It is a two degree of freedom mechanism, the degrees being the crank angle ߮ଵ and 
the angular displacements of the links 6 and 8, ߮଺ and ଼߮ respectively. The bar system 5, 6, 7 
and 8with the one-way clutches 9 and 10, form a unidirectional mechanism that rotates the 
output shaft 11 in a certain sense. The imposed external forces are the driving torque ଵܶ, 
provided by a drive motor at constant speed and the loading torques ଺ܶ, ଼ܶ  acting on the bars 
6, 8 respectively. 
 

 
Figure 1. The G. Constantinesco’s torque converter diagram. 

                                                             
* Corresponding author. Email: ion.ion@upit.ro 

 

 

  
O 

B 

C 

D 

E 
K 

L 

G 1 
2 

3 

4 

5 6 

7 
8 

x 

y 

M 

A 



69 
 

 
Figure 2. Simulation scheme of torque converter modeled by AMESim  

 
EQUATIONS OF MOTION 
 
In relation to the oxy reference system, the coordinates of the joints A, B, C, K, D, G and 
center of mass M are given by relations: 

஺ݔ = ݈ଵ cos߮ଵ                                                                  (1) 
஺ݕ = ݈ଵ sin߮ଵ                                                                  (2) 

஻ݔ = ஺ݔ + ݈ଶ cos߮ଶ                                                              (3) 
஻ݕ = ஺ݕ + ݈ଶ sin ߮ଶ                                                              (4) 

௄ݔ = ஻ݔ + ݈ଷ௄ cos߮ଷ = ௅ݔ − ݈ସ௄ cos߮ସ                                                (5) 
௄ݕ = ஻ݕ + ݈ଷ௄ sin߮ଷ = ௅ݕ − ݈ସ௄ sin߮ସ                                                (6) 

ெݔ = ௅ݔ − ݈ସெ cos߮ଷ                                                            (7) 
ெݕ = ௅ݕ − ݈ସெ sin ߮ଷ                                                            (8) 
஼ݔ = ஻ݔ + ݈ଷ஼ cos߮ଷ                                                            (9) 
஼ݕ = ஻ݕ + ݈ଷ஼ sin߮ଷ                                                          (10) 

஽ݔ = ஼ݔ + ݈ହ cos߮ହ = ாݔ + ݈଺ cos߮଺                                               (11) 
஽ݕ = ஼ݕ + ݈ହ sin ߮ହ = ாݕ + ݈଺ sin ߮଺                                               (12) 
ீݔ = ஼ݔ + ݈଻ cos߮଻ = ாݔ + ଼݈ cos଼߮                                               (13) 
ீݕ = ஼ݕ + ݈଻ sin ߮଻ = ாݕ + ଼݈ sin ଼߮                                                (14) 

To simplify writing , in what follows will use the following notation 

sin ߮௜ = ௜; cos߮௜ݏ = ܿ௜   (݅ = 1…8)                                               (15) 

The kinematics may be defined by writing the constraint equations along and perpendicular to 
the axe ox. 



ଵ݂ = ݈ଵܿଵ + ݈ଶܿଶ + ݈ଷ௄ܿଷ + ݈ସ௄ܿସ − ௅ݔ = 0                                          (16) 
ଶ݂ = ݈ଵݏଵ + ݈ଶݏଶ + ݈ଷ௄ݏଷ + ݈ସ௄ݏସ − ௅ݕ = 0                                          (17) 
ଷ݂ = ݈ଵܿଵ + ݈ଶܿଶ + ݈ଷ஼ܿଷ + ݈ହܿହ − ݈଺ܿ଺ − ாݔ = 0                                 (18) 
ସ݂ = ݈ଵݏଵ + ݈ଶݏଶ + ݈ଷ஼ݏଷ + ݈ହݏହ − ݈଺ݏ଺ − ாݕ = 0                                 (19) 
ହ݂ = ݈ଵܿଵ + ݈ଶܿଶ + ݈ଷ஼ܿଷ + ݈଻ܿ଻ − ଼଼݈ܿ − ாݔ = 0                                  (20) 
଺݂ = ݈ଵݏଵ + ݈ଶݏଶ + ݈ଷ஼ݏଷ + ݈଻ݏ଻ − ଼ݏ଼݈ − ாݕ = 0                                  (21) 

In adition, in the case of a constant speed input ߱ଵ of the crank, a further equation 

଻݂ = ߮ଵ −߱ଵݐ = 0                                                           (22) 

is required. The above equations may be represented in suffix notation as 

௝݂(߮ଵ, ߮ଶ, ߮ଷ, ߮ସ, ߮ହ, ߮଺, ߮଻, ଼߮) = 0                                             (23) 

where ݆ = 1…7. 
The constraint equations expressed in terms of velocities may be be derived from (23) and 
written in suffix notation as, 

௝ܸ(߮ଵ, ߮ଶ, ߮ଷ, ߮ସ, ߮ହ, ߮଺, ߮଻, ଼߮, ߮̇ଵ, ߮̇ଶ, ߮̇ଷ, ߮̇ସ, ߮̇ହ, ߮̇଺, ߮̇଻, ଼߮̇) = 0                    (24) 

The equations of motion are derived using the Lagrangian multipliers method. This may be 
stated as follows [1,2]: 

ௗ
ௗ௧
ቀడா
డ௤̇೔
ቁ − డா

డ௤೔
= ܳ௜ + ∑ ௝ߣ

డ௙ೕ
డ௤೔

଻
௝ୀଵ                                                     (25) 

where E is the total kinetic energy of the system, ݍ௜ and ̇ݍ௜ are the generalised coordinates and 
velocities, ܳ௜ the generalised forces including conservative and nonconservative effects, ߣ௝ 
the Lagrangian multipliers and ௝݂  the constraint equations. 
The generalised forces ܳ௜ may be written in the form  

ܳ௜ = ∑ ቀ ௝݉݃⃗ ∙
డ௥⃗ೕ
డ௤೔

+ ሬܶ⃗௝ ∙
డఝሬሬ⃗ ೕ
డ௤೔
ቁ଻

௝ୀଵ                                                     (26) 

where ௝݉ represents the masses, ݃⃗ the gravitational vector, ⃗ݎ௝ the coordinate vector of the 

point of application of gravitational forces and  ሬܶ⃗௝ the vector of torques. 
Let the generalised coordinates ݍ௜ be ߮ଵ, ߮ଶ, ߮ଷ, ߮ସ, ߮ହ, ߮଺, ߮଻ and ଼߮. Now in order to obtain 
the kinetic energy in terms of these coordinates the velocities of the centres of masses must be 
found. These can be obtained by writting the x and y coordinates of the centres of masses and 
taking the first derivative. In this case, for ܥଵ = ଶܥ	;ܱ = ଷܥ	;ܣ = ସܥ	;ܭ = ହܥ	;ܯ = ଺ܥ	;ܦ =
଻ܥ	;ܧ = ଼ܥ	;ܩ =   :is obtained ܧ

஼ଵݒ = 0                                                         (27) 
஼ଶݒ = ஺ݒ = ݈ଵ߮̇ଵ                                                        (28) 
஼ଷݒ = ௄ݒ = ݈ସ௄߮̇ସ                                                   (29) 
஼ସݒ = ெݒ = ݈ସெ߮̇ସ                                                     (30) 
஼ହݒ = ஽ݒ = ݈଺߮̇଺                                                     (31) 

஼଺ݒ = ஼଼ݒ = 0                                                   (32) 
஼଻ݒ = ீݒ = ଼଼݈߮̇                                                   (33) 
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Hence the total kinetic energy of the machanism may be expressed as: 

ܧ = ଵܬ
ఝ̇భమ

ଶ
+ ଶܬ

ఝ̇మమ

ଶ
+ ଷܬ

ఝ̇యమ

ଶ
+ ସܬ

ఝ̇రమ

ଶ
+ ହܬ

ఝ̇ఱమ

ଶ
+ ଺ܬ

ఝ̇లమ

ଶ
+ ଻ܬ

ఝ̇ళమ

ଶ
+ ܬ଼ ఝ̇ఴమ

ଶ
+ ௠మ௟భమఝ̇భమ

ଶ
+ ௠య௟ర಼

మ ఝ̇రమ

ଶ
+

௠ర௟రಾ
మ ఝ̇రమ

ଶ
+	+௠ఱ௟లమఝ̇లమ

ଶ
+ ௠ళ௟ఴమఝ̇ఴమ

ଶ
                             

                                                                                                 (34) 
Based on notations ݍ௜ = ߮௜; 	 ௜ݍ̇ = ߮̇௜	  (݅ = 1…8), we obtain                                                     

ௗ
ௗ௧
ቀ డா
డ௤̇భ
ቁ − డா

డ௤భ
= ଵܬ) +݉ଶ݈ଵଶ)߮̈ଵ                                                  (35) 

⋮ 
ௗ
ௗ௧
ቀ డா
డ௤̇ఴ
ቁ − డா

డ௤ఴ
= ܬ଼) + ݉଻଼݈ଶ)଼߮̈                                                  (36) 

The generalized forces ܳ௝ are given by the following relationship 

ܳଵ = ଵܶ − (݉ଶ +݉ଷ)݈݃ଵܿଵ                                                     (37) 
⋮ 

଼ܳ = −݉଻଼଼݈݃ܿ − ଼ܶ                                                 (38) 

The bars 6 and 8 transmit to the output shaft movement through two one-way clutch, so that 
they are charged under load only when rotating counterclockwise. 

଺ܶ = ൜ ଵܶଵ	݂݅	(߮̇଺ − ଼߮̇) ≥ 0
0	݂݅	(߮̇଺ − ଼߮̇) < 0

�                                           (39)	

଼ܶ = ൜ 0	݂݅	
(߮̇଺ − ଼߮̇) ≥ 0

ଵܶଵ		݂݅	(߮̇଺ − ଼߮̇) < 0
�                                       (40) 

where  

൜ ଵܶଵ = ଵܶଶ + ଵଵ߮̈ଵଵܬ
߮̇ଵଵ = ,଺̇߮)ݔܽ݉ ଼߮̇)

�                                      (41) 

The terms of  the type ∑ ௝ߣ
డ௙ೕ
డ௤೔

଻
௝ୀଵ  are shown in the following relationships: 

∑ ௝ߣ
డ௙ೕ
డ௤భ

=଻
௝ୀଵ − ଵݏଵ݈ଵߣ + ଶ݈ଵܿଵߣ − ଵݏଷ݈ଵߣ + ସ݈ଵܿଵߣ − ଵݏହ݈ଵߣ + ଺݈ଵܿଵߣ +  ଻        (42)ߣ

⋮ 
∑ ௝ߣ

డ௙ೕ
డ௤ఴ

=଻
௝ୀଵ ଼ݏହ଼݈ߣ −  ଺଼଼݈ܿ                                        (43)ߣ

The equations of motion, determined by Lagrange multipliers can be written as: 

0 = ଵܶ − (݉ଶ +݉ଷ)݈݃ଵܿଵ + ଵݏଵ݈ଵߣ − ଶ݈ଵܿଵߣ + ଵݏଷ݈ଵߣ − ସ݈ଵܿଵߣ + ଵݏହ݈ଵߣ − ଺݈ଵܿଵߣ −     ଻ߣ
(44) 

ଶ߮̈ଶܬ = −݉ଷ݈݃ଶܿଶ + ଶݏଵ݈ଶߣ − ଶ݈ଶܿଶߣ + ଶݏଷ݈ଶߣ − ସ݈ଶܿଶߣ + ଶݏହ݈ଶߣ −  ଺݈ଶܿଶ                  (45)ߣ
ଷ߮̈ଷܬ = −݉ଷ݈݃ଷ௄ܿଷ + ଷݏଵ݈ଷ௄ߣ − ଶ݈ଷ௄ܿଷߣ + ଷݏଷ݈ଷ஼ߣ − ସ݈ଷ஼ܿଷߣ + ଷݏହ݈ଷ஼ߣ −           ଺݈ଷ஼ܿଷߣ

(46) 
ସܬ) +݉ଷ݈ସ௄ଶ +݉ସ݈ସெଶ )߮̈ସ = ݉ସ݈݃ସெܿସ + ସݏଵ݈ସ௄ߣ −  ଶ݈ସ௄ܿସ                         (47)ߣ

ହ߮̈ହܬ = ହݏଷ݈ହߣ −  ସ݈ହܿହ                                                 (48)ߣ
଺ܬ) +݉ହ݈଺ଶ)߮̈଺ = −݉ହ݈݃଺ܿ଺ − ଺ܶ−ߣଷ݈଺ݏ଺ +  ସ݈଺ܿ଺                            (49)ߣ

଻߮̈଻ܬ = ଻ݏହ݈଻ߣ −  ଺݈଻ܿ଻                                            (50)ߣ
ܬ଼) + ݉଻଼݈ଶ)଼߮̈ = −݉଻଼଼݈݃ܿ − ଼ܶ − ଼ݏହ଼݈ߣ +  ଺଼଼݈ܿ                         (51)ߣ



Equations (44) through to (51) are second order non-linear differential equations. Together 
with the following six equations which are obtained by taking the second derivatives of 
constraint equations (16) through to (21)  they may be solved for 
߮̈ଶ, ߮̈ଷ, ߮̈ସ, ߮̈ହ, ߮̈଺, ߮̈଻, ଼߮̈, ,ଵߣ ,ଶߣ ,ଷߣ ,ସߣ ,ହߣ  .଻ߣ ଺ andߣ

 
ௗమ௙ೕ
ௗ௧మ

= 0   (݆ = 1…6)                                                             (52) 

With notations 

ܸ = [߮̈ଶ ߮̈ଷ ߮̈ସ ߮̈ହ ߮̈଺ ߮̈଻ ଼߮̈ ଵߣ ଶߣ ଷߣ ସߣ ହߣ ଺ߣ  ଻]்              (53)ߣ

the equations (44) ... (52) may be written in the following matrix form 

ܸܣ =  (54)                                                  ܤ

If A is a non singular matrix, from the above equation is obtained 

ܸ =  (55)                                                                    ܤଵିܣ

where 

V௝ = ݅)   ௜ܤ௜,௝ିଵܣ = 1…14; 	݆ = 1…14)                                     (56) 

or, more expressive 

௝ܸ =  ௜                                                    (57)ܤ௝௜ܥ

From the above equations may be obtained the following relationships 

൜
߮̈௠ାଵ = 				௜ܤ௠,௜ܥ
௠ߣ = ௜ܤ௠ା଻,௜ܥ 		

� 	(݉ = 1…7)                                       (58) 

from where we can easily calculate the terms ߣ௠. 
To calculate the angular positions and velocities of the bars, we can use the following notation  
߮ଶ = ;ଵݕ 	߮̇ଶ = ଶ; ߮ଷݕ = ;ଷݕ 	߮̇ଷ = ସ; ߮ସݕ = ;ହݕ 	߮̇ସ = ଺; ߮ହݕ = ;଻ݕ 	߮̇ହ = ଺߮ ;଼ݕ =
;ଽݕ 	 ߮̇଺ =  ;ଵ଴ݕ
߮଻ = ;ଵଵݕ 	߮̇଻ = ଼߮ ;ଵଶݕ = ;ଵଷݕ 	଼߮̇ =  ଵସ. The equations of motion derived earlier can beݕ
expressed in a form equivalent to 

൝
ଵݕ̇ = ݃ଵ(ݐ, ,ଵݕ ,ଶݕ … , (ଵସݕ

⋮
ଵସݕ̇ = ݃ଵସ(ݐ, ,ଵݕ ,ଶݕ … , (ଵସݕ

�                                       (59) 

which can be easily solved using Runge - Kutta method. The Runge-Kutta method are one 
step method, i.e. to evaluate ݕ at time ݐ +  we only require the information available at ݐߜ
point ݕ at time ݐ. Secondly, they do not require the evaluation of the derivative of the function 
to be integrated.  
Due to the high nonlinearity of the equations of motion, in case to drive with constant speed 
drive, both engine torque and output shaft speed will oscillate around some average values 
that can be determined with relations: 

 ෨ܶଵ = ݉݁ܽ݊( ଵܶ)                                                             (60) 
 ෥߱ଵଵ = ݉݁ܽ݊(߱ଵଵ)                    (61) 
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CASE STUDY EXAMPLE 
 
For the simulation diagram indicated in Fig. 2 is considered the next practice application with 
the main database entry as follows [3]: ݈ଵ = 0.1݉; ݈ଶ = 0.3݉; ݈ଷ௄ = 0.2݉; ݈ଷ஼ = 0.3݉; 
݈ସ஼ = 0.6݉; ݈ସெ = 0.9݉; ݈ହ = ݈଻ = 0.433݉;	݈଺ = ଼݈ = 0.25݉; ݉ଵ = 0.1݇݃; ݉ଶ = ݉ଷ =
0.3݇݃; ݉ସ = 4݇݃; ݉ହ = ݉଻ = 0.4݇݃; ݉଺ = ଼݉ = ଵܬ ;0.3݇݃ = ଶܬ = ଷܬ = ହܬ = ଺ܬ = ଻ܬ =
ܬ଼ = 0.001݇݃ ∙ ݉ଶ; ܬସ = 2݇݃ ∙ ݉ଶ; ܬଵଵ = 4݇݃ ∙ ݉ଶ; ߱ଵ =  .݊݅݉/ݒ݁ݎ	1500
For a variation in time of load torque ଵܶଶ imposed by Fig. 3 are obtained the main 
characteristics of mechanical torque converter shown in Fig. 4.  
 

 
Figure 3. Time variation of  the output shaft torque ଵܶଶ 

 

 
a)                                                                                         b) 

Figure 4. Torque diagrams ෨ܶଵ and ଵܶଶ, depending on the angular velocity of the output shaft 
   

 
STABILITY ANALYSIS 
 
The steady-state sinusoidal frequency-response of a mechanical system is described by the 
phasor transfer function H( jω). A Bode plot is a graph of the magnitude (in dB) or phase of 
the transfer function versus frequency [4].  
Bode plot is one of the most commonly used tools for frequency response. This procedure 
provides relative stability in terms of gain margin and phase margin. Without determining the 
analytical expression of the transfer function of the dynamic system studied, in the following 
we will achieve stability analysis system with AMESim by Linear Analysis tools. In this case 
is selected as control variable the sine wave output signal ߱ଵ and as observer the angular 



speed of inertial body 4, ߮̇ସ. Linearization time is selected at 50 s. The Bode diagram 
presented as a semi-logarithmic strip plot is shown in Fig. 5.  

 

 

Figure 5. Bode diagrams 
 
CONCLUSIONS 
 
As can be seen from Fig. 4a, the maximum power transmitted through the torque converter is 
located in the average angular velocity of the output shaft. The maximum power transmission 
remains approximately constant over a fairly wide range of variation of the angular velocities 
of the output shaft. The load torque ଵܶଶ has a quasi-linear variation inversely proportional to 
the output shaft speed, as shown in Fig. 4b. As we can see in the figure above, phase margin is 
ܯܲ = −59.32633଴ − (−180	[଴]) = 120.67367[଴] and gain margin is  
ܩܯ = 25.52077	[ܾ݀]. As a result, the system is stable for time ݐ =  .[ݏ]50
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